NONLINEAR
MESOSCOPIC
ELASTICITY: EVIDENCE
FOR A NEW CLASS OF
MATERIALS

New tools such as nonlinear resonant ultrasound
spectroscopy are being used to reveal the complex
behavior of rocks and other materials.

Robert A. Guyer and Paul A, Johnson

‘.\ squaszh ball almost doesn't bounce; a Superball
L Mbounces first left then right, seeming to have a mind
of its own. Remarkable and complex elastic behavior isn't
confined to sports equipment and toys. Indeed, it can be
found in some surprising places. When the elastic behav-
ior of a rock i= probed, for instance, it shows extreme
nonlinearity hysteresis and discrete memory (the Flint-
stones could have had a computer that vsed a sandstone
Rocks are an example of a
class of unusual elastic materials that includes sand, soil,
cement, concrete, Ceramics and, it turns out, ‘i:“”-";:i"l
materiala. Many members of this class are the blue-collar
materials of daily life
on the way to work, the roofs over our heads and the
ground beneath our cities—such as the Los Angeles basin
{home to many earthquakes). The elastic behavior of these
materials is of more than academic interest.

Rocks are examples of consolidated materials—that is,
they are materials whose primary physical properties are a

for random-access memory).

They are in the bridges we cross

eonsequence of the process of their assembly For example,
a sandstone 15 an aggregate of graing (composed of a single
mineral or a group of minerals) that are fused together by
temperature, pressure and chemical processes. The cover o
ure 1 show the structure of Berea sandstone,
which we study below

this igsue and fi

In a sandstone the grains themselves act as rigid units,
while the contacts between grains—the bond system—
constitute a set of effective elastic elements that control the
of the sandstone. These elastic elements,
heterogeneous in size and shape, are mesoscopic, with a
of 1 pm. Materials whose elastic properties are
determined by such a bond system are called nonlinear
mesoscopic elastic (INME) materials

elastic behmvior
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morphic rocks are also NME materials
in the elastic responsze of the rocks
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NME materials stand
in sharp contrast to mate-
aurh as aluminum,
dinmond and water that
have atomic elasticity
which arises from atomic-
level forces between atomes
Materials
with atomic elasticity are
well deseribed by the tra-
ditional theory of elasticity However the
poor job of describing the elastic properties of NME ma-
In this article, we discuss new tools and models

rials

and molecules,

theory does n

terials
being developed to better characterize these materials, and
present ;t1':|:t|::'.| uges for our improved understanding of
their behavior

Quasistatic nonlinearity

The most fundamental elastic properties of a material are
sepn in the guasistatic equation of state, the stress—strain
(the
in length) as a function of the applied
stress o for an NME material, Berea sandstone, and an
atomic elastic material, g
evidence for nonlinearity in glass at stresses up to at least

|'|-|.1|:|:|r|:-'h||1. In figure 2 we compare the strain ¢

fractional change

ass.  Although there is scant

25 megapascals, the sandstone is highly nonlinear and
hysteretic at these moderate stresses. Referring to the
firure, when the stress on the sandstone is decreazed at
point B, the strain mozst of the
strain stays in. A hysteresis loop with a cusp at B develops
This loop closes when the stress is returned to zero

As shown in fipure 2b, the stress is reversed seven

only partially reverses

times in the course of the measurements. These reversals
produce the small,
1 7 in figure 2a. Details of the third reversal are showr
in figure 2c. Note that when the stress reaches oy for the
second time, the strain returns to the trajectory it was
originally on before it traced the interior loop. This is the
phenomenon of “diserete memory” (or endpoint memory

interior hysteresis loops labeled

familiar from magnetism, capillary condensation and the
elasticity of shape-memory alloys. Along with high non-
rateresis, discrete memory 18 ong of the

linearity and hy



signatures of nonlinear mesoscopic elasticity

A phenomenological explanation of the stress—strain
relationship for rocks has been developed by one of us
(Guyer) and Katherine MeCall.! In box 1 on page 33, the
rudiments of this model, called the P-M space model, are
outlined and the important features seen in a stress—strain

curve like that of sandstone are deseribed

Dynamic elasticity and the wave equation
We've se

terials such as sandstone show evidenece for unusual elasti

en that quasistatic measurements on NME ma-

properties, including extreme nonlinearity hysteresis and
discrete memory What is the dynamic elastic response of
a rock? How do sound waves propagate in a rock?

lhe traditional theoretical formulation of dynamic
elasticity both linear and nonlinear (found, for example, in
reference 2),
Soviet Union

has been highly developed in the former
ind elsewhere® This formulation relates the
time evolution of the local displacement (the displacement
field) to a Taylor expansion in the strain and takes the form
of a nonhnear wave equation {zee box 2 on page 34 )

A basie physical process brought about by nonlinearity
f strain fields

in the wave equation is the coalescence of
within the material. For example, two strain waves with

and ey can
coalesce to form a strain wave with frequency components

frequencies w; and oy, and amplitudes &,
Expori-
escence, and that probe the scaling
f the detected signal with g8, and distance of propagation,
are the hallmark of nonlinear acoustics® (and also nonlinear

and amplitude proportional to e
ments that look for oo

(L1} by 2T i

YPLIcs |
Propagating-wave experiments of this type conducted
in rock have provided qualitative support for predictions

FIGURE 1. GRAIN STRUCTURI
and bond
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mation about the size,

comp
of the
dinmeters range from 0.05 t

0.2 mm. Most of the grains

are quartz, although |
and mica are also present.
Ihe grains are cemented by

silica and caleite. Tha

contacts between the gr

ALT1S
constitute the rock’s bond
SYStem.

from the nonlinear wave

equation. Rarely though
have they provided guan-
titative measures of dy-
namic nonlinear elastic
ity One problem is that
an applhed stress may be
conducted nonuniformly
I!III!.:,' A |I|."I|‘I‘(r:_’l'l'|1'1"!.-
materi

gion caused by way

, leading to disper-

e veloci-
ties that vary with stress
path (Seg the article on granular materials in PHYSICS
ronay, April 1996, page 32.) Also, many rocks have high
intringic attenuation
Resonant-wave experiments, on the other hand, have
proved to be a valuable quantitative probe of the nonlinear
elastic state of a rock because of the self-amplification
that resonance provides. In these experiments, a rod-
shaped sample has an ultrasound transducer fixed at one
end and an accelerometer attached to the other For a
given drive level, the recorded as the
frequency of the applied wave is swept from above to below
the fundamental resonance mode of the sample. This type

acceleration 18

of nontransient li_\'l'liirl'llf expenment we term nonlinear
NRUS) after the work
of Orson Anderson, Albert Migliori and others who devel-
{See the
article on resonant ultrasound spectroscopy in PHYSICS
ropay, January 1996, page 26

In figure 3, we compare the resonance response curves
of materials with atomic and nonlinear mesoscopic elas-
ticity The contrast is striking For Lucite, there is no
change in the shape of the resonance curve with increase
in drive level (at least to the unaided eve), implying a
linear response out to acceleration amplitudes of at least
500 m's
amplitude of 50 m/s®, there is noticeable distortion of the

resonant lI|'|1'.'I:-'II1IrII'| :-"!‘.II"I"l rOSCORY

oped linear resonant ultrasound spectroscopy’

For Berea sandstone, even at an acceleration

resonance curves. In figure 3e, we see evidence of a shift
in the resonant frequency down to the smallest strains
we can measure (e of order 107 Remarkably there
appears to be no threghold to nonlinear behavioe
Besides qualitative evidence for the presence of non
linearity what can we learm from NRUS experiments?
When the traditional theory of nonlinear elasticity is
Puysics Topay 31
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for nonlinear mesoscopic and atomic
elastic materials. a: The strain £ as a
function of the applied stress o for Berea
sandstone, a material with nonlinear
mesoscopic elastucity (data courtesy of

1 Brun Hifhcrt}. b: The history of the
stress,  Seven stress reversals produced
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stress-strain curve is essentially linear for
optical-grade glass (Bak-1, Schott Glass
Technologies Inc), an atomic elastc
material (data courtesy of Greg Boitnou).

of the elastic properties we have
been describing. An essential fea-
ture seems to be hysteretic elastic
elements in the bond system. How-
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applied to a resonant bay the nonlinear behavior is found
to be due 1o quartic anharmonicity (the § term in box 2)
in which three strain fields of amplitude £ and frequency
w coalesce to form a strain field with amplitude #* and
frequency components o+ @+ w= 3w, w, ~w, ~3w. The
ter components of this strain field are detected in the
resonance experiments. As a consequence of the quartic term,
a shift in the resonant frequeney proportional to both & and
£ is expected. Instead, however we see a frequency shift
directly proportional tolg] (see figure 3c). This unexpected
result, we have come to realize, is a principal dynamic
signature of nonlinear mesoscopic elasticity

To understand this signature, we must return to the
quasistatic data shown in figure 2. The hysteresis and
dizcrete memory observed there are explained in terms of
an assemblage of hysteretic elastic elements (see box 1)
When these hysteretic elastic elements are included in the
description of the dynamic response of the rock, leading
to the term Ale, £] in the wave equation of box 2, the
theory of the behavior of a resonant bar yields results in
qualitative and quantitative accord with experiment.’
Thus there seems to be a coherent description of the elastic
properties of rocks that includes both quasistatic behavior
(figure 2) and dynamic behavior (figure 3) that extends
over at least five orders of magnitude in strain and six
orders of magnitude in frequency The essential feature
in this description is a bond svstem of hysteretic elastic
elements.

As always, the story is more complicated. Very careful
NRUS measurements carried out recently reveal the pres-
ence of a “slow dynamics" in the elastic response of o rock.”
As we have seen, when a sample is driven by a large
amplitude, the resonant frequency will shift downward in
proportion to the drive level. After terminating the large
amplitude drive, the low-amplitude resonance frequency
is found to shift back to its original value over a period
ranging from tens of minutes to hours. Characterization
of this behavior is one subject of current research. Slow
dynamics may prove to be a second dynamic signature of
nonlinear mesoscopic elasticity

We do not have a complete understanding of the cause
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5w B ever the mechanism of hysteresis is
elusive. Significant efforts in the in-
vestigation of NME materials are fo-
cusing on these issues

Fortunately we do not need full understanding of the
cause and mechanism of nonlinear mesoscopic elasticity
to study interesting and practical realizations of it. Let
us turn from rocks and look more broadly at other NME
materials, al nonlinear mesoscopic elasticity near Earth's
surface, and at nondestructive evaluation (NDE) of damage
in materials

Nonlinear mesoscopic elasticity at work

Do the elastic properties we have illustrated with rocks
characterize an elasticity universality class consisting not
only of rock but also of concrete, sand, soil and other
materials? This is an attractive proposition. Many of the
materials we could consider placing in this class have not
had their clastic properties serutinized as closely as rocks
have. All are known to share with rocks at least one of
the three main characteristics: large nonlinearity hyster-
esig and discrete memory  As an example, the resonant
responses of Lavoux limestone, concrete and eracked syn-
thetic slate all show (figure 4) a frequency shift with
amplitude (always softening) similar to that obzerved in
sandstone (figure 3¢). The frequency shifts are propor-
tional to the drive level, a signature of nonlinear
mesoscopic elasticity The premise of an elasticity univer-
gality class may have some merit.

One promising application of NME models is in the
study of ground motion in ecarthquakes Such naturally
occurring events can be catastrophic. For example, in
addition to causing devastating human loss, the Kobe
earthquake that hit the southern part of Japan’s Hyogo
prefecture on 17 Januvary 1995 was estimated to cause
damage totaling over 5100 billion. Approximately 150 000
buildings collapsed, and the Kobe port—the second largest
in Japan—was effectively closed by the earthquake. It
was the costliest earthquake in history

The most damaging aspect of a large earthquake is
strong ground motion that couples into resonant modes of
structures and eauses their failure® In box 3 on page 35,
we illustrate the typical circumstance that leads to strong
ground motion: a layer of soil—a nonlinear elastic mate-



Box 1. A Phenomenological Model of Nonlinear Mesoscopic Materials

ased on the work of Franz Preisach
and Isaac Mayergoyz,” one of us

Hysteretic element

from top to bottom, and the strain fol-
lows the upper curve.

(Guyer) and Katherine McCall' have de-
veloped a phenomenological model to de-

scribe the quasistatic stress—strain relation- L.

The stress-strain cusp at 8 results
from the difference between closing elas-
tic elements (4 — H) and opening elastic

ship in rocks. In this model, called the
P-M space model; the bond system of a
rock is represented as an assembl

LEMNGTH

elements (B — A"). Compare the P-M
space for A and A'. The stress is the same
at both points, but the rock is in a

hysteretic elastic elements that can be in different elastic state, with a different
only one of two suws, or closed. i straim, in the two instances.  Measure
The fgure at ri DE behavior of ment of the elastic modulus (the slope of
asingle elastic ¢ maﬂheapph.ednrm the stress-strain curve) in states A and A’

varies, The element, ori nal]}r n with o P would two distinet outcomes
lengah L, closes to C STRESS I:]'Iilt about the different stress histo-

increases to o, and it rcmunsdme-:las
the stress continues to increase. When
the stress is decreased, the element opens at o, changing back
o length £, and remaining there as stress decreases further. A
large number of such elements with differi Loy L, and o,
models the heterogeneous elastic clemmulﬁ' the rock’s bond
system,

The stresses o, and o, for each

element can be used as the element’s P-M Space

ries leading to the same stress starte,

The phenomenon of discrete mem-
ory is illustrated in the € = D — € in the figore. This
loop begins and ends at the same stress—strain point.  The
stress-strain trajectory of the outer loop is independent of the
inner loop; the outer loop would be the same whether or not
the inner loop is traversed.

coordinates in “P-M space,” as shown
at right.  As the stress on the rock is
varied, we can use P-M space to keep
track of which elements are open and
which are closed.

For instance, suppose the rock is
taken through stress history o = 0, ,,
Ty Ty (= a) o, 0p, a0 (= 0), 0.
The bottom series of figures show the
states of the elastic elements in P-M
space for each stress (closed elements
are black). The resulting stress-strain
curve is shown at far right.
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Iniially, ator = 0, the rock is elastic
equilibrium. Al of the elastic ele-
ments are in the open state.  As the
stress advances toward ey, elastic ele-
ments progressively close from lelt 1o
right in P-M space, and the strain
follows the lower curve. As the stress
decreases from g, the elements open

STRESS, o

Addddsiddd

rial—above an elastically hard substrate. The soil layer
amplifies an incident seismic wave because of both velocity
contrasts and the laver’s resonant response (much like a
resonant bar),

Earthgquake engineering attempts to mitigate damage
to structures, One of its goals is to predict the Fourier
compaonents of the displacement at a loeation of interest,
called the “site response.” Buildings are then engineered
so that their resonances are away from the peak frequen-
cies of the site response. A rule of thumb such as “the
fundamental period T, of an N-story building is T, = 0.09N
seconds” serves as an initial guide.” The prediction of site
response can employ numerical modeling and laboratory
studies of materials that buildings are situated on,'" or,
preferably, studies of seismic data taken at the site of
interest.'! The Fourier spectrum is expressed in terms of
the spectral ratio described in box 3.

From a comparison between the caleulated™ and em-
pirical spectral ratios for one site (hox 3), together with
ather field and laboratory observations, we conclude that
many of the materials near Earth's surface belong to the

proposed universality class. Earthquake engineering studies
have great practical consequences, and characterzing the
elasticity of the materials involved is fundamental.

Probing damaged materials

Finally, let us turn to nonlinear mesoscopic elasticity in
nondestructive evaluation (NDE) Here we have a sur-
prise: Evidence suggests that a damaged atomic elastic
material responds like an NME material. When damaged,
engine blocks, bearings, sophisticated composites and
other materials display nonlinear mesoscopic elasticity
that appears to be much like that in rock or concrete.
Therefore, experimental and theoretical methods devel-
oped for NME materials can be employed in the study of
damaged atomic elastic materials, Nonlinear studies of
damages materials owe much to the work of a group at
the Institute of Applied Physics in Nizhny Novgorod,
Russia,'" to the work of the NDE community dating back
to at least 1979.'" and to the work of many others,
including our own collaborators at Los Alamos National
Laboratory and elsewhere ™
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Box 2. The Nonlinear Wave Equation
The wave equation expresses the driving force for the

local displacement # as a power series in the strain
£ =

Fu Ky olou fou du

Bt"Pnaxau:”{ax + ax]a-f---i-ﬁ[x.&],
where py is the density and K, = thr/de is the elastic modulus.

Retaining only the first term on the nght-hand side results
in the linear wave ion. The nonlinear terms with
amplitudes 8, 8 and so forth come from the traditional theory
of nonlinear elastic waves. The hysteretic elastic elements in
the bond system of the rock make a contribution to the
motion of the displacement field that depends upon & and
& and is typically nonanalytic; it is denoted by Ale, &1

The traditional nonlinear terms with amplitudes 38, & and
so forth produce interactions among strain fields. For in-
stance, the cubic anharmonicity term, with strength 8, leads
to an interaction between three strain fields in which twao
fields, of frequencies w, and @, and amplitudes £, and &,
coalesce to form a third. The outgoing strain field has
frequency components w, = e, + w, and amplitude &, that is
proportional to the product £,e;. Furthermore, when one
strain wave with amplitude £, and frequency e, is propagat-
ing along a trajectory, the nonlinear coupling can create an
outgoing strain wave at frequency 2w with amplitude pro-
portional to ] that builds up over distance x to amplitude
eyx) = Beix .

Slow dynamics

Water [ 35 No MNo
Copper 7 49 MNa No
Rock 1 108 Yes Yes
PZTS 4-5 10! Mo MNo

Some appreciation for the distinction between materials
with atomic elasticity (such as water and copper) and non-
linear mesoscopic elasticity (such as rock and PZTS5, a ceramic
composed of lead, zirconate and titanate that is used as an
acoustic source) can be gleaned from the accompanying table,
in which we give strengths 8 and 8 of the cubic and quartic
anharmonicities. We also indicate whether the hysteretic
contribution A and slow dynamics—often a manifestation of
nonlinear mesoscopic elasticity described in the text—are

P resent.

FIGURE 3. RESONANCE RESPONSE CURVES of atomic elastic
and mesoscopic elastic materials. The detected acceleration
amplitude of an acoustically driven sample is plotted as a
function of frequency for a sequence of drive levels for Lucite
{a) and for Berea sandstone (b). There is no evidence for
change in the resonance response in Lucite as a function of
drive level for acceleration amplitudes of up 1o 500 m/s’,
corresponding to strains of order 107, The response of the
sandstone is qualitatively different. As the drive is increased
from a low level, the resonance curves become asymmetric,
first slightly and then severely, while the resonance frequency
shifts downward. ¢ The shift in the resonance frequency
away from its value at low drive levels 1:1"; = 3010 Hz) 15 a
linear function of strain amplitude for the lowest strains
measured, 3 % 10°% < & < 10* (accelerations less than 30 m/s%),
indicating that hysteresis in the equation of state 15 causing the
nonlinearity. For higher strains, slow dynamics can be observed,
in which the resonant frequency at low drive levels gradually
shifts back to its original value after a large drive is removed.
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Evidence of damage to an elastic material can be
sought in a variety of ways, such as by studying the linear
resonances, by emploving wave propagation experiments
or by using a general approach that we term nonlinear
elastic wave spectroscopy (NEWS) (NEWS includes
NRUS, as= deseribed above,) The result of a NEWS modu-
lation experiment is shown in figure 5. When a sample
ig driven simultaneously at modest amplitude & at fre-
quency f; and at large fixed amplitude £, at high frequency
fu, nonlinear processes produce sidebands at f. = fu + f; with
an amplitude proportional to && and to the strength of
the nonlinearity'® When the amplitude &, is systemati-
cally increased, the amplitude of the sidebands increases
proportionally

The eolor contour plots in figure 5 are of the Fourier
spectrum as a function of progressively increasing drive
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level and frequency. For both Plexiglas and sandstone,
the figure shows the results on two samples—one undam-
aged and one damaged. Undamaged Plexiglas, having
atomic elasticity, shows the expected linear response: As
the drive level £, 15 increased, there is negligible spectral
amplitude at frequencies 2f, and . In undamaged sand-

FIGURE 4. OTHER MATERIALS showing nonlinear mesoscopic
elasticity include Lavoux limestone, concrete and synthetic
slate (data courtesy of K. E.-A. Van Den Abeele). The
resonant-bar response of each of these matenials 1s qualitatively
similar to that of sandstone and entirely unlike that of Lucite
(see figure 3). The shift in resonant frequency for these
materials is approximately linear in the strain amplitude and of
magnitude consistent with the sandstone data in hgure 3¢

stone, which has nonlinear mesoscopie elasticity, as the
drive level is inereased, the spectral amplitudes at 2f, and
at f, increase. The contrast between the undamaged
response spectra underscores the qualitative difference in
the elastic behavior of the two classes of material.

This contrast disappears in the damaged samples.
Both damaged samples in figure 5 show significant am-
plitudes at f., 2f, and 3f; {and even 5f; in sandstone)
There is nonlinearity in the Plexiglas that was absent
when it was undamaged, and there is more nonlinearity
in the damaged sandstone. The similarity of the damaged

Box 3. Spectral Ratios and Earthquake Engineering

Fnr earthquake engineering, it is important to isolate the

effects on ground motion amplitude that are due o local

geology from those of the source spectrum and of the wave
path. We can determine the local effects by considering seismic

waves from an earthquake of strength § that is incident on
two adjacent surface regions, one of uniformly elastically hard

material and the other having a layer of nonlinear mesoscopic
elastic (NME) material on top of elastically hard material. The

time train of the surface ground motion is detected by
phones Iy, located on the surface of the NME layer, and D,
lacated on the surface of the hard material. When the time
trains are Fourier analyzed, the ctral
Riw; S) = 1Dy SI1Dsles, 8)| gives the amplification due o
the NME layer.

If the NME layer is elastically identical to the background,
Riw) = 1 for all earthquakes. I the laver is elasucally soft
compared to the background but atherwise linear, R{w) has a
symmetric resonant peak with size proportional to the earth-
quake source strength 5, similar to the Lucite bar (figure 3a).
If the layer is an NME material with nonlinearity, hysteresis
and discrete memory, R{w) has a resonant peak whose shape
and size depends on the magnitude of the earthquake, similar
to the sandstone resonam bar (figure 3b).

In the absence of empirical data, we can use numerical
modeling to predict the site response. The accompanying
figure compares the calculared spectral ratio™ to the empirical
spectral ratio,  The latter was constructed from seismograms
recorded during the main shock and 18 aftershocks of the

Calculated
site response

FREQUENCY (Hz=

rauio

earthquake that struck the Northridge area in southern Cali-
farnia on 17 January 1994.1

In the figure, the calculated site response is shown on the
left as a function of frequency and input amplitude.  The plot
on the right shows the empirical site response of a strong-mo-
tion site (LF&) compared to a hard rock site (LWS). Redder
colors correspond to higher amplification.

The model used in the simulation consisted of an NME
layer, 100 m thick and much more than 100 m wide, over an
elastically hard half-space. An equation of state incorporating
nonlinearity, hysteresis and discrete memory was used for the
NME layer. Although the surrounding rock is itsell an NME
material, it 15 much less nonlinear than the surface layer, and
so it was modeled as a linear material. An empirical seismic
signal, with frequency components between 0.2 and 20 Hz and
varying amplitude corresponding 1o magnitudes of 2-7 on the
Richter scale, was used bath as the drive at the bottom of the
MNME layer and as the reference signal for the spectral ratio.

Both model and empirical site responses show a resonance
in the range of 0.5-1 Hz. Although the real data are more

complicated, the qualitative similarity of the two plots provides

evidence that LF6 is a soft resonant layer site. The similarity

of some details, such as the “toe” in the lower left corner in the
left-hand plot—due to the mode mixing of strain waves in the
layer—and the increased amplification at the lower left in the
right-hand plot, suggests that physical mechanisms identified
in numerical modeling are present at the strong-motion site.

Empirical

sile response

LOG AMPLITUDE
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Plexiglas response to that of the sandstone suggests that
the damage in the Plexiglas is associated with nonlinear
coupling mechanisms similar to those operating in NME
materials, Analyzis of the scaling of the harmonic ampli-
tudes with strain supports this suggestion, '

A work in progress

Experiments on rocks have revealed evidence for non-
linearity, hysteresis and discrete memory in their elastic
behavior, Some elastic behavior observed in other mate-
rials, including soil, cement, concrete and damaged atomic
elastic materials is similar, which has led us to suggesl
that there is a nonlinear mesoscopic elasticity universality
class and to place all of these materials in it. There is
no order parameter, symmetry or other parameter to show
that this supposition is correct, Rather, there is the notion
that the elastic properties of these materials have their
source in qualitative features of a bond system that re-
sponds in a similar manner throughout the class. Such
bond systems include the grain-to-grain contacts in rock,

fluid-soaked contacts in a sl and the defect fabric of

damaged atomic elastic material. [t is these bond systems
that endow NME materials with their defining properties.
Many challenges still remain in the study of these
materials; understanding their behavior in the many prac-
tical contexts in which they are found, identifyving those
features that are essential to a proper mesoscopic description
of the elastic behavior and understanding the underlying
microscopic mechanisms that are responsible for it all.
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FIGURE 5. NONLINEAR ELASTIC WAVE SPECTROSCOPY. The
Fourier spectrum (color contours) of the detected acceleration
amplitude is plotted as a function of frequency and drive level,
for Plexiglas (a) and for sandstone (b). For both materials,
data are shown for undamaged (top) and damaged (bottom)
samples. Each sample is driven simultaneously with a modest
.11T1|:|]i|1|d;- at frequency f, and a |.1rgr .1|11|:|||.1|qu- at 1".'1'L]L|:~r1-. y
fi. As the drive level at f 15 increased, the growth of the
amplitude av 21, 3f; and higher harmonics and at the
sidebands at £ = f, £ f, show evidence of the presence of
nonlinear coupling,
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